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Abstract—In this paper, we propose two models reduction consideration the order of the controlled system , because
algorithms for approximation of large-scale linear switched  there are several hybrid systems of high order. These laters
systems. We present at first the iterative dual rational krybv  are difficult to manipulate and the resolution of such modtls
approach, that construct a union of krylov subspaces. The jndeed very demanding in computational resources. However
iterative dual_ _ratlonal Krylov is low in cost, numerical effi cient reduction of switched systems is an important solution for
but the stability of reduced system is not always guaranteed these problems. In this paper , we present the iterative dual

In the second part we present, the iterative SVD-Dual Ratioal g . . . .
Krylov approacph. This pmethod is a combining of two sided- rational krylov algorithm and the iterative SVD- dual rata

projections, one side is generated by the dual Rational krgv-  Krylov algorithm for switched linear system. _
based model reduction techniques and the other side is gerted ~ The model reduction problem we are interested in can be
by the SVD model reduction techniques, while the SVD-side sStated as follows.

depends on the observability gramian. This method is numedal Given a switched linear dynamical system in state space form
efficient, minimize the Ho Error between the original switched  [1, 2, 3, 4]:
system and reduced one and preserved always the stability of

reduced systems. A simulation two examples are considered i axt) _

order to take a performance study of these proposed approa@s. g = { AqX(t) + Bqu(t)

1)

In which Ag € R™", Bg € R™P, Cq € RP*", Dq € RP*P,

. INTRODUCTION u(t) € R™P, y(t) e RP*" andq is a switching signal.
complexity of industrial systems. They operate in différen
environments with changing conditions and charactesistic fq(s) = Cq(Slg— Aq) *Bq+Dq (2)
(quickly and brutally). Such as the industries aerospace,
automotive, aggro-food, process engineering, chemical The problem consist in approximating A, € RTXT,
process, electrical circuit, power electronic systemserital B, ¢ R™*P.C,. € RP*", D;, € RP*P and y;(t) € RP<", the
fluid SyStemS and Mechanical SyStem.... The mOdeling Omhe%;trices of t?]e each red[ﬂjced Subsystem of orQe“Nhere
system types usually leads to the production of non-lineaf, « n.
complex models of high order. However the dynamic isThe state space representation of reduction switched dgahm
influenced by both discrete and continuous event which leadgnear systems is as follows [7, 8, 1, 3]:
to the hybrid dynamical systems which are divided into
two broad classes of hybrid systems, the first class is the - () _ A X(t) + Bryu(t)
multi-model system, which assumes that it is always possibl q= { yrd(tt) _ qu(t) n quu(t)
to model a complex system with simple models, often linear d d
models, assigning each model an operating area of the systeithis paper is organized as follows. Section 2, briefly presen
The second class is the linear piecewise system or called tten overview of the Lyapunov equations and tHg error.
switched system. This class of models is widely used for thén section 3, the Dual Rational Krylov is presented. Section
analysis and to control tools for linear systems which amy ve 4, the Iterative Dual Rational Krylov method for switched
developed and also because much of the actual process clmear systems, will be presented with application on the
be represented by models from this class. Recent research anmerical examples. In section 5, we detailed the Iterative
switching systems are mainly focusing on the modeling area&SVD-Dual Rational Krylov method for switched linear system
design control law and stability study. However, if we work and evaluate by the use of the numerical examples. In sectior
for the development of the control law, it must first take into6, we give a comparison between the Iterative Dual Rational
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Krylov method and the Iterative SVD-Dual Rational krylov TABLEL.  DRK-SLSALGORITHM

method. The last section is dedicated to conclude this paper prk-sLs Algorithm :(inputiq, Aq, Bq, Ca, Da, SyioutputVeg, Zsg )

Switch q

1/*Choose the Initial Interpolation points*/

S forig=1torq

2/*Construction of the matrice¥; and Z; by the Dual rational-Krylov

Il. BAsic TooLs
. based method knowing that*/
A. Lyapunov equations for kq=1 torg
if kq:=1

Let a switched linear stable system as in (1). The solution V0s = ((Aq—Sy*lq) ' xBq
v0q = qu/norm(voq,’ fro')

of this system in the sense of lyapunov is obtained by solving V =\0,
the following two equations for each subsystem [9, 3]: (Aq Sqxlg) T *CT
20q = 70q/norm(z0q,’ fro')
1) =20
{ AqPy+ Pofj +BgBj =0 @ b=
+ +Cy 0 Va(:,k) = (A — Sq*l> 1xBy
AgQa -+ Qea Go= VoK) = Va(2K) —Va (k= 1) V(s k= 1)T #vg(:.k)
. . Va(,K) = vq(:, k)/norm(vq( k), fro)
The solutions of these two equations d&eand Q [10, 9]. 2(:K) = (Aq—Sq*lq) T +C]
Py € R™" and Qq € R™" are called the reachability and the zq(:-k>:Zq<:,k)qu( P Zg(:,k=1)T x2q(:,K)

- . . . : Lk) = nor m( fro
observability gramians matrices, respectively. Gramiares E“n(d if) K /porm(z40. r9)

trices plays an important part in the reduction methods dase Eend for
on singular value decomposition. The relationship betvten  End Switch
singular value decomposition and the gramians matrices is a

follows [9]:

Mg (PaQq) (5) A. Numerical example

To evaluate this approach ,we take tow switched linear
Where, gi, presents the Hankel singular value f stable models (FOM of order 1006 and Clamped Beam of order
348) and a switched signal where q=1,2. We present the karges
singular value of the frequency response, the distribytioles
B. H. of Dynamical Switched System of the reduced switched system and the absolute error betwee
original subsystem and reduced one. The parameters okState
In my work, determining the error between the original representation of two models are as follows [14, 15, 16]:
switched system and reduced one is obtained by usinglthe Example 1: Switched EOM model of order 1006

teChanue kl"IOWIng that [10 9] d|ag(yl,y2 V3, y4) W|th
e /21 Z100
[Zq(iw) = 2q(IW)[[He < 2(0(r 1)+ +0ng)  (6)  M={_100 -1 )
-1 -200

1. DUAL RATIONAL KRYLOV FOR SWITCHED LINEAR 2=\{-200 -1 )
SYSTEM Vo= -1 -400
-400 -1 )°
In this section we briefly recall the details of the Dual ya =diag(—1,...,—1000),

Rational Krylov algorithm for computing of two projection B; = [10x ones(6,1);0nes(100Q 1)], C; = BL D; =0.
matricesvr, andZ;, for each subsystem according to switching A, = A; —5x1, B, =B;, C,=C;, D, =D;.
signalg. Dual Rational Krylov is among the best approachesExample 2: Switched Clamped Beam model of order 348
to reduce the large-scale linear switched systems. It ig easThe Clamped beam model is a theoretical stable model of order
to implemented, numerically stable and avoids the diffiealt 348 contains two subsystems:
in the constructing of the two projections matricés, and  The first subsystem is introduced in [14],
Z, are constructed column by column during the iterationThe second subsystem is as follows:
process using a Gram Schmidt techniques in orthogonalizati A, = A; —5%10 11, B, = By, C, = C;, D, = 0.
procedure such as the condition of biorthogonalithy isBat
Z Vr Iy The figure 1 presents the largest singular value of the

T f the original switched linear system
Take'a switched linear system as a form (1) and assume thgfduency response o
a sequence of expansion poifts,, Sy, --.,5, } is given, with OM order 1006) and reduced one (order 10) to a frequency

f is the order of reduced subsystem. These expansion poin{ande by DRK-SLS method. We can see when a correlation

are interspersed. For each expansion point of each subsystéVer the entire frequency range shape with a low error rate fo
a two column vectors are generated, i.e in the first iterationoW frequency. The figure 2 shows the variation of the singula
usess,,, the second iteration useg, unti rthiteration. value of the absolute error between the original switched

The details of the Dual Rational Krylov algorithm for swiezh ~ lln€ar system and the reduced one, we see that the error i
linear system can be found in tabie 1 [11, 9, 12, 13]: small around the low frequency. The distribution poles ia th

The parameters of the reduced system can be obtained by tf@MPI€x plane of each subsystem is depicted in figure 3, all
congruence transformation: poles are negative real part, then the reduced switchedrline

= ZlAqVq, qu _ Zqu, Cro = CqV, Dr = Dg. system is stable.
Where Z1l= Zq Zq The figure 4 presents the largest singular value of the
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. . . TABLE Il.  IDRK-SLS ALGORITHM
frequency response of the original switched linear system

(Beam order 348) and reduced one (order 24) to a freqUenCyiprK-SLS Algorithm :(inputig, A, Bq.Cq, Dg, Sy.tol; outputysg, Z,)
range by DRK-SLS method. We can see when a correlationgyiich q
over the entire frequency range shape with a low error rate fo 1/*$hoose the Initial Interpolation points*/
< Sy fori=ltor
low frequency for the second SUbS.ySt.em' However for the first 27*Construction of the matrice¥; and Z; by the Dual rational-Krylov
subsystem, | see that the correlation is not good. The figure Spased method knowing that*/
shows the variation of the singular value of the absolutererr (@ :Span<slqlq*Aq>:1TBqT-----<sfqlq*Aq>’f$qT
between the original switched linear system and the reducec\‘f\’l?tﬁf%r T:VSp‘i”flqbV;e’?g)zr Cq {éf(f\l}lq)j%) G
1 fq = 'rg» q— fq

one, we see that the error is small around the low freqUENCY zuynig (the relative change i - ((s.1—35)/s) > tol
for the second subsystem, which is not the case for the first@a, = z,Aq,
SUbsyStem' The distribution DOIeS in the Complex plane of (E)Ez%:st:jé%i(naﬁqgff%relrialtriégs andZ,, by the rational-Krylov based
each subsystem is depicted in figure 6, we note the existencéhl;thod knowing that: a a >y Y
of positive real part poles, then the reduced switched finea (d)v, = Span(siylq—Aq) By, -, (Srqlq —Aq) *Bq
system is unstable. (€)Zrq = Span(siglq —Aq) TCy..-., (Sqlq — Aq) TCq

With Z§ Vi = Irq, whereZy, = (Z, %Viq) 2,

(4)/*parameters of reduced model*/

Atq = quAquq- qu = qu Bq, er :quq, qu = Dq

End Switch

IV. |TERATIVE DUAL RATIONAL KRYLOV FOR LINEAR
SWITCHED SYSTEM

In this section we present the proposed method, the iterativzrq € R™" be obtained as follows [6]:
dual rational Krylov model reduction for switched linear
system, is an extended version of the dual rational krylov Vi = Span(sy,l —Aq) By, -, (Sl —Aq) By @
method for switched linear system. Iterative dual rational | Z, = Span(sy| —Aq) 'Cq,..., (S| —Aq) TCq
krylov is a connection between the krylov-based reduction
method and the interpolation of the expansion points. GiveWith Z{ Vr, = Ir,.
a stable switched linear system as the form (1) and using th€&he transfer functior;,(s) of the reduced switched system (2)
eigenvalues criterion in the choice of the interpolatioing®  is matched with the transfer functidg(s) of original switched
[12, 1]. However, this method generated two Krylov subspacelinear system in (1):
Viq and Z, for each subsystem, the generation of the two .
krylov subspaces is performed iteratively until the satitibn fa(sq) = frg(sy) for ig=1,...rq and s, = —Ai;(Ar) (8)
of the stopping criteriot(S(; 1), —Siq)/Si+1),) @nd guarantees \ypere ). s the eigenvalues ok, The details of the Iterative
the biorthogonalithy condition of the two krylov subspacesp 5| Rational Krylov algorithm for switched linear system
for each subsystem (|.leTqu = Ir, Whererq is the order of (IDRK-SLS) can be found in table 2 [17, 11, 18];
reduced system) [17, 11, 18, 19]. Theorem 1 summarizes thiSrhe main steps of this method are:

result: _ _ Step 1:In the first step we choose the interpolation points for

theorem Take a switched linear system as a form (1) and theyach sub-system by the use of the eigenvalues criterion [10]

interpolation point{s} for iq =1,...,rq. Let Vi € R™ and  gtep 2: Compute thev;, and Z,, bases with Dual Rational
Krylov knowing that the orthogonality condition is satisfie

Fom Model Reduced System (sub—system1)

Singular Values of the Error System
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Fig. 1. Largest singular value of the frequency responsehefdriginal
switched system of order (1006) and reduced one of ordert¢l@)requency  Fig. 2. Absolute error system between original switchedesysof order
range with DRK-SLS method (1006) and the reduced one of order (10) with DRK-SLS method
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((ZrTq *qu)*lerq)qu =lrq)- plane of each subsystem is depicts in figure 12, we note the
Step 3: Calculate the reduced states matriégsand the cor- existence of positive real part poles, then the reducedbest
responding eigenvalues. Using the mirror of these eigegal linear system is unstable.
as interpolation points and recalculate the new bagesnd ~ We note that the results obtained by this method is better
Z;, applying again the Dual Rational Krylov method. Repeatthan that obtained by the previous method, but this method
these instructions until the satisfaction of a stoppingecidn  does not guarantee the stability of reduced system. To solve
in the expansion frequency. this problem we propose in the next section a new method
that minimizes theH., error between the original switched
linear system and the reduced one and guarantee the stabilit
of reduced switched system.

To evaluate this approach ,we take the same models used
previously, with the same switching signal. We fix the latges V. [ITERATIVE SVD-DUAL RATIONAL KRYLOV FOR
singular value of the frequency response of each original SWITCHED LINEAR SYSTEM
subsystem and the reduced one, we present the variation
of absolute error between each original subsystem and tl—g

A. Numerical example

While IDRK-SLS algorithm do not always guarantee sta-

. o lity of the each reduced subsystem, lterative SVD-Dual

reduced one and we give the poles distribution of the reduce ational Krylov algorithm for linear switched system gives
sut%shyst?m [14'715]' ts the | t sinaul | f th reduced model with guaranteed stability and minimize therer

e ngure 7 presents the largest singular valueé of M&apyeen the original system and reduced one for each sub

frequency response of the original switched linear Systeny, ctem. Hence, Iterative SVD-Dual Rational Krylov algionit
(order 1006) and reduced one (order 10) to a frequency ran r linear switched system combines the advantages of the

by IDRK-SLS method. We can see when a correlation over they .o rational Krylov based method and the singular value
entire frequency range shapg with a low error rate. The flgurﬁecomposition based method, the use of SVD provide stabilit
8 shows the variation of the singular value of the absoluterer for reduced system. This me’thod can generate two matrices

between the original switched linear system and the reduce e matrix generated by the Dual Rational Krylov method
one, we see that the error is small over the entire frequenc ) depends on the observability gramian and the other
range. The distribution poles in the complex plane of eacgrq

subsystem is depicts in figure 9, all poles are negative re enerated by the singular value decompositiy). The two
Y p '9 ; allp 9 atricesz,, andV;, satisfy the following orthogonality relation
part, then the reduced switched linear system are stable. [10, 20 18 21]: a

The figure 10 presents the largest singular value of the

frequency response of the original switched linear systengheorem Take a stable switched linear systefy with the

(order 348) and reduced one (order 24) to a frequency ran : : : : :
by IDRK-SLS method. We can see when a good correlatio?éamfer functionsfq(s) as in (1) and fix the the interpolation

Z ey =1 9)

between the original switched linear system and reduced o ointss,, Let 2y, be anrth reduced sub-systems with transfer
9 y nctions frq(s) having fixed stable reduced pol@s,, ..., Ar,.

over the entire low frequency range shape with a low errer. rat g
The figure 11 shows the variation of the singular value of theThen the error between each original subsystem and reduce:

absolute error between the original switched linear systach one is minimized if and only if:
the reduced one, we see that the error is small over the entire fq(s) = fry(s) for s=—Ay,...,—Ar
low frequency range. The distribution poles in the complex

. (10)

Beam Model Reduced System (sub—system1)
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Fig. 3. Poles Distribution of FOM reduced switched systendé¢o 10) with
DRK-SLS method
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Fig. 4. Largest singular value of the frequency responsehefdriginal
switched system (Beam of order 348)and reduced one of oibrt6 a
frequency range with DRK-SLS method



International Conference on Control, Engineering & Infatimn Technology (CEIT 14)
Proceedings-Copyright IPCO-2014
ISSN 2356-5608

The reduced order model is defined by these relationshipStep 1: In the first step we choose the interpolation points
ST ST L . . for each subsystem by the use of criterion poles, the number
Arq = quAquq’ Brg = quBq’ Cr =CaVrgs Drq = ?fl) of interpolation points must be equal to the order of reduced

: : . subsystem.
The d_|fferent steps of th_e lterative SVD-Dual Ranongl Kyl Stepyz: Use the based method of dual rational Krylov for
,[Dilgogtzhnisf?r switched linear system can be found in table 3constructing theV,, basis knowing that the orthogonality

: - , condition is satisfiedV,"V;, = Ir,).
The main steps of lterative SVD-Dual Rational Krylo rq*fq =~ 'Tq . .
In steps v ! I ylov Step 3: Calculate the &ramlan matrix of observabildgy, for

TABLE lll. | TERATIVE SVDDRK-SLS ALGORITHM each subsystem.
Step 4: Construct the matrixZ,, using the observability

Iterative ~ SVDDRK-SLS  Algorithm :(inputlq,Aq,Bq,Cq, Dg, S, tol;

oUtpULY;g Zog) matrix gramian and the matrix,,. _ _

Switch q Step 5: Generate the_ re_al o_rthogonal matriceg using

1/*Choose the Initial Interpolation points*/ the reducedQR factorization if there exists any complex

Sq forig=1torg . . interpolation points.

27 "Construction of the matricedq by the Dual Rational-Krylov based Step 6: Calculate the reduced matrices statg and the

(a)i\/,q:Span(sqaquq)*qu ..... (Srqlq—Aq)~1Bq corresponding eigenvalues. We determine the eigenvalies o

With Vi Vig = Irg these matrices to re-initialize the interpolation pointsach

3’*°a'°“"’}_fzge§ar3’:“an matrix of observability for eatbsystem/ subsystem. Then, we calculate again the orthonormal basis

Elzjll*)*gcoqonst{%ctioncqofc?hedr':1atrix2q by the SVD based method knowing qu . and ,the matrler_q. Re,peat these |r)struct|on§ L,mtll the

that*/ satisfaction of a stoping criterion in the interpolatiorirgs.

(b):Zrg = QqVrq (Vrg) ‘ The stoping criterion is a tolerance which was set at the

f;;?z’rh"f g‘iqr\e/'a“"e change is : ((S+1—s)/s) > tol beginning, that denote the relative change between two

(b):sqq:_)ﬂq(A:q) for ig=1q successive interpolation points. _

(c):Construction of the matri¥y; by the rational-Krylov based method Step 7:TThe reduced oerer model is defined as:

knowing that: — _ _ _

(@ gspan(%quAqleqm(Sqlq7Aq),qu Arq = Zi AdVeqs Brqg =Z; Bg, Crg =CqVig, Drq = D.

With Z Vig = Irq

Eﬁ;:;?onstruction of the matrix,, by the SVD based method knowing )

Zoy = Qg (V1) A. Numerical example

g’iﬁ:rf;e;i‘i;rzs‘)gq i”giqaf?gaclonmizr‘”tefpo'aﬂon point*/ To evaluate this approach we take the same model usec

then qu<rea,>:,e‘j.iuvrq)'\,rq(imagina"y):imagqu)y previously, with the same switching signal. Given the latge

Zig(real) = real (Zsy), Zrg (imaginairy) = imag(Z,), singular value of the frequency response of each original

[Vig:Tq] = QRIVrq (real), Vi (imaginairy)], subsystem and the reduced one, we present the variatior

[2rq.ta] = QRZg real), Zrq (imeginairy)], of absolute error between each original subsystem and the

6/*Parameters of reduced model*/ reduced one and we give the poles distribution of the reduced

Arq = ZigAdVig, Brq =Z{4Bq, Cig =CqVhg, Diq =Dq subsystem [14, 15]. The figure 13 presents the largest singul

End Switch value of the frequency response of the original switcheeldin

system (order 1006) and reduced one (order 10) to a frequenc)

algorithm for switched linear system are: range by lterative SVDDRK-SLS method. We can see when a

Singular Values of the Error System
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Fig. 5. Absolute error system between original switchedesys(Beam of  Fig. 6. Poles Distribution of Beam reduced switched systerdef 24) with
order (348)) and the reduced one of order (24) with DRK-SL$hoe DRK-SLS method
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switched system of order (1006) and reduced one of ordert¢1l@)requency IDRK-SLS method
range with IDRK-SLS method
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) o ) Fig. 10. Largest singular value of the frequency responstheforiginal
Fig. 8. Absolute error system between original switchedesps(FOM of  switched system (Beam of order 348) and reduced one of o@rtp a
order 1006) and the reduced one of order (10) with IDRK-SL $hok frequency range with DRK-SLS method

correfation over the entire frequency range shape with a l0Wo5. qystem and the reduced one, we see that the error is
error rate. The figure 14 shows the variation of the smgulaciJ

. : nconsiderable over the entire frequency range. The fig8re 1
value of the absolute error between the original switche d y rang 9

! resent the distribution poles in the complexes plane of eac
linear system and the reduced one, we see that the error P P P

: ; . L éﬁb—systems, all poles are negative real part, then theceeldu
inconsiderable over the entire frequency range. The digtdan switched linear system is stable.

poles in the complex plane of each subsystems is depicted In
figure 15, all poles are negative real part, then the sulesyst
is stable.

) _ VI. COMPARATIVE STUDY
The figure 16 presents the largest singular value of the

frequency response of the original switched linear system In this section, we compare the Iterative Dual Rational
(order 348) and reduced one (order 24) to a frequency rangérylov method with Iterative SVD-Dual Rational Krylov
by Iterative SVDDRK-SLS method. We can see when amethod for switched linear system. We present in table 4, the
correlation over the entire frequency range shape with a low. error, the CPU-time and the tolerance of each model. We
error rate. The figure 17 shows the variation of the singulasee from the table , that the iterative SVDDRK-SLS has a
value of the absolute error between the original switchedetter results compare to IRK-SLS.
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TABLE IV. Hew ERROR, CPU-TIME AND THE TOLERANCE OF
ITERATIVE DRK-SLSAND ITERATIVE SVDDRK-SLS
Models Methods H., Error CPU-Time Tol
FOM lterative DRK-  6.207%107° 127s 103
1006 SLS
FOM Iterative 1.877+10°° 110s 10°
1006 SVDDRK-
SLS
Beam 348 Iterative DRK- 1.545x10°8 30s 5:10°3
SLS
Beam 348 lterative 1.081x10°8 55s 21072
SVDDRK-
SLS
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Fig. 13. Largest singular value of the frequency responséheforiginal

switched system of order (1006) and reduced one of ordert¢18)frequency
range with Iterative SVDDRK-SLS method
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VIlI. CONCLUSION

In this paper we have proposed two methods for reduction
of linear switched systems. We present at first the iterative
dual rational krylov method based on generation of krylov
subspaces. This method have low cost, but the stability of
reduced system not always guaranteed. In the second part
we present the iterative SVD-Dual rational krylov based on
the SVD and krylov subspace techniques in generating of
the projection matrice¥,, andZ, for each subsystem. This
method is numerically efficient, guaranteed the stabilftgach
reduced subsystems. To evaluate the accuracy and effidient o
these methods, we present a numerical examples.
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